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SUMMARY 

A theoretical treatlnent of the electrical conductance and tracer permeability 
of lipid bilayer membranes in the presence of macrocyclic ion carriers is given. The 
analysis is based on the assumption that the complex between the ion and the carrier 
is formed in the membrane-solution interface. The translocation of the complex 
across the membrane is described as a transport over an activation energy barrier. 
It is shown that some information on the rate constants may be obtained from the 
existing conductance measurements. For instance, the current voltage characteristic 
of lecithin membranes in the presence of monactin indicates that the rate-determining 
step in the ion transport is the translocation of the complex across the interior of 
the membrane. 

INTRODUCTION 

A number of macroeyclic antibiotics, such as valinomyein, enniatin B and 
monactin, are able to increase the cation permeability of artificial lipid membranes 
by many orders of magnitude 1-n. Common to these macrocyclic compounds is the 
structural peculiarity that the interior of the ring is hydrophilic whereas the exterior 
is hydrophobic due to the presence of apolar side chains. Within a lipid membrane 
such a molecule offers to an ion a polar environment similar to the normal environ- 
ment of the ion in aqueous solution. An alkali ion which is extremely insoluble in the 
unmodified membrane may cross the membrane in the form of a complex with the 
lipid-soluble macroeyclic compound. Complex formation presumably occurs at the 
membrane-solution interphase where the inner hydration shell of tile ion is replaced 
by the carbonyl oxygens of the ring. This description of carrier-mediated ion transport 
is supported by recent X-ray analyses of the alkali ion complexes of nonactin:, 
enniatin B e and valinomycinE With other macrocyclic compounds like nystatin 1° 
or alamethicin n more than one molecule seems to be involved in the ion transport. 
These cases in which pore-like structures are possibly formed are excluded in the 
following treatment. 

However, even in the simple case of the classical carrier mechanism several 
questions remain unanswered. The most important problem is the nature of the 
rate-determining step. The passage of the ion across the membrane inwflves three 
distinct steps: (i) formation of the ion-carrier complex in the membrane surface, 
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(ii) translocation of the complex to the opposite surface and (iii) release of the ion 
into the solution. Depending on the given system, the overall rate of ion transport 
may be determined either by the rate of complex formation (and dissociation) or by 
the rate of translocation across the membrane. DIEBLER el al. 12 studied the kinetics 
of the reaction between Na ÷ and monactin in methanol with relaxation methods 
and found that the rate of formation of the complex is extremely fast (kR ~ 3 lOS 
M-1. sec-l). I t  is not known, however, whether such a high reaction rate is also possible 
in the membrane solution interface where the carrier molecule may be constrained 
to a conformation unfavorable for complex formation. 

In most studies of carrier-mediated ion transport across lipid membranes the 
electrical conductivity of the membrane has been measured. From these experiments 
some information can be obtained on the rate constants of the single transport steps. 
This will be shown in the present paper which gives a theoretical treatment of the 
membrane conductivity in the presence of ion carriers. In addition, the tracer per- 
meability coefficient is calculated. The treatment is based on the mathematical anal- 
ysis of a model in which the translocation of the ion carrier complex across the mem- 
brane is described as a migration over an activation energy barrier. 

An analysis of the electrical properties of bilayer membranes containing ion 
carriers has also been given by CIANI et al. ~,  but with the assumption that the equi- 
librium between free carrier and complex in the interface is not disturbed by the 
electric current. The influence of a finite association-dissociation rate on the carrier- 
mediated transport of nonelectrolytes has been analyzed by BLUMENTHAL AND 
KATCHALSKY 14. Recently, MARKIN and co-workers ~5-av examined the carrier trans- 
port of ions on the basis of an electrodiffusion model, which is an alternative to our 
model but leads to similar results. 

GENERAL DESCRIPTION OF THE SYSTEM 

We consider a bilayer membrane which is in contact on both sides with aqueous 
solutions of an univalent cation M ÷ of concentration cM (see Fig. I). In the aqueous 
phase the neutral carrier S and the ion M + may form a complex MS + with an associa- 
tion constant 

CMS 
K (~) 

CMCS 

Aqueous Aqueous 
phase ~ j M e m b r a n e  p h a s e "  

M÷+II S kS L k~na 
= S ~ . ~==~:~ S 

ks Kg"" 

kl~l s MS+ - MS + 

0 d x - - - -  

F i g .  I. T r a n s p o r t  of the  ca t ion  M + m e d i a t e d  b y  a neu t r a l  carrier .  
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(cs,  cMs  - -  concent ra t ions  of S and MS + in the aqueous phase). As the  electr ical  con- 
duc t i v i t y  of l ipid b i l ayer  membranes  is ex t r eme ly  low in the absence of carriers,  
we m a y  assume t h a t  the  uncomplexed  ion IVl + is p rac t ica l ly  excluded from the mem- 
brane.  However ,  both  S and MS~ m a y  be exchanged between aqueous phase (a) and 
m e m b r a n e  (m) according to 

ks m 
S (a) ~_~ S (m) (2) 

lcs '~ 

am 
k MS 

MS~ (a) ~--" MS + (m) (3) 
k ma 

MS 

Besides this,  a chemical  react ion m a y  take  place at  the interface between an ion M ÷ 
from the solut ion and a carr ier  S in the membrane .  This heterogeneous recombina-  
t ion-d i ssoc ia t ion  react ion is descr ibed by  rate  cons tants  ka  and kn:  

kR 
M ~ (a) " S(m) ~ lXIS ' ( In )  (4) 

W h e n  a vol tage  is appl ied  across the membrane ,  the charge t r anspor t  th rough  the  
interface m a y  proceed in principle both  by  react ion (3) and  bv  react ion (4)- There 
are some hints,  however,  t ha t  of these two paral le l  ways  only react ion (4) is impor-  
t an t .  F i rs t ,  the  associat ion constant ,  K,  is ve ry  small ,  a t  least in the case of val ino- 
mvcin  ~ s. This means  t ha t  the concent ra t ion  of MS + in the aqueous solution is ex t reme-  
lv low. Second, the concent ra t ion  of the carr ier  S is much higher in the membrane  
than  in the  wate r  phase;  for instance,  the d i s t r ibu t ion  coefficient of monac t in  be- 
tween l ipid and wate r  was de te rmined  by  SZABO el al.  ~ to be about  5 '  IOa. We there-  
fore assume tha t  the ra te  of the  chemical  react ion (4) is high compared  with the  ra te  
of the  exchange react ions  (2) and  (3). For  grea ter  general i ty ,  however,  we will first 
der ive  the general  re la t ions  including react ions (2) and  (3) and  will la te r  specialize 
the  resul t  for the case of vanishing exchange.  

F O R M A L  ANALYSIS  OF T H E  M O D E L  

Specific for the  model  is the assumpt ion  tha t  the  poten t ia l  energy of MS ~- has 
a mini lnum inside the  membrane  near  the interface and  t ha t  MS + m a y  jmnp  in a 
single s tep from one in terphase  to the o ther  over  a symmet r i ca l  energy barr ier .  The 
same assumpt ion  is made  for S. If we denote  the interfacial  concentra t ions  of S and  
MS~ at the  lef t -hand and r igh t -hand  interface by  Ns ' ,  Ns",  N M S ' ,  N M S " ,  respect ively ,  
then the fluxes of S and MS~ across the membrane  are given by  

~ s  h s ( N s '  - -  Ns") (5) 

(/)Ms kMS* N M S '  - -  kMS" N.,,IS" (6)  

As tlle only  charge carr ier  in the  membrane  is the  complex,  the  cur ren t  dens i ty  J is 
d i rec t ly  re la ted  to (/)MS: 

J = fqgMS ('7) 
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(F  = F a r a d a y  constant) .  Fo r  the neu t ra l  carr ier  S the  ra te  cons tants  for a j u m p  
from left to  r ight  and  from r ight  to left are the  same. Fo r  the  charged carrier,  how- 
ever ,  the  ra te  cons tan ts  kMs' and  k~ts" depend  on the ex te rna l  vol tage  U. Fo r  U - -  o: 

/}MS' kMS" A e  - E / R T -  /}MS (8) 

E is the  energy  (per mole) for zero vol tage  at  the  t op  of the  bar r ie r  (R = gas cons tant ,  
T == absolute  t empera ture ) .  Fo r  U # 0 the  bar r ie r  height  is changed by  the electro- 
s ta t ic  energy of MS +. If we assume tha t  the  electric po ten t ia l  yJ(x) in the center  of 
the  m e m b r a n e  (x - -  d/2) is equal  to U/2, the  bar r ie r  height  becomes E + FU/2 for 
the  t r anspo r t  from left to r ight  and  E -  FU/2 for the  t r anspor t  from r ight  to left. 
Therefore 

/}MS" - -  kMse u/'~ (IO) 

*f(d/2) = U/2 is val id  under  the  assumpt ion  of a cons tan t  field s t reng th  in the  men> 
brane.  I t  has previously  been shown ~° t ha t  this  assumpt ion  which neglects space 
charge  effects is a good app rox ima t ion  for a l ipid b i layer  membrane  under  most  
e x p e r i m e n t a l  condit ions.  

Fo r  each par t ic le  a t  each interface the  sum of the  net  chemical  p roduc t ion  and 
of the  fluxes toward  the interface mus t  vanish  in the s t a t i ona ry  s t a te :  

dNs '  

dt 

dNs" 

d t  

d N M s '  

d t  

am ma r , 
kRCMNs '  ~ k o N M s ' - - q ) s  + k s  c s - - k  s -N's = o 

a m  m a  - ,, 
kRc.~vVs" + k D N ~ t s "  + (/)s + k s  c s - - k  s N s  = o 

am ma , , 
--  k R C M N s ' - - k D N M s ' - - ~ M S  + k M s C M S - - k ~ t s A ' M S  - o 

( I : )  

(12) 

(~3) 

d N M s "  

dt 
- / } ~ M X s " - k o N ~ , , s "  + eMs + / } ~ M s - / } ~ N , , ~ "  = o ( I 4 )  

For  U = o the  chemical  reac t ion  and bo th  exchange react ions  are at  equi l ibr ium 
separa te ly .  In  this  case the  re la t ions N s ' =  N s " - - N s  and N M S ' =  N ~ I s " =  \ M S  

hold. We m a y  character ize  the  equi l ibr ium s ta te  of the  sys tem b y  the pa r t i t ion  coeffi- 
.cients ys  and 7MS of the  free carr ier  and  the  complex,  respec t ive ly :  

~S - -  ( I 5 )  
d k~ na cs 

ka  m 2 .~ts 2N.~ts/d 
~Ms --  (i 6) 

d ma  /}MS CMS 

If we fur ther  denote  the  equi l ib r ium cons tan t  of the  heterogeneous react ion (4) b y  
/£h, we ob ta in  

kt~ N.~ts 7MS 
Kh -- -- K (17) 

hD CMNs 7s 

Biochim.  Biophys.  Mcla, 211 (197 o) 4 5 8 - 4 6 6  



462 P. LAUGER, G. STARK 

The six unknown quant i t ies  qSs, q~Ms, N s ' ,  N s " ,  N M s ' ,  NMS" are  de te rmined  by  the  six 
equat ions  5, 6, 11-14. Solut ion of this  sys tem and in t roduc t ion  of q~s~t into Eqn.  7 
gives the  resul t  

csiA" ~S(CM + q) - -  c31j sinh (u/2) 
,] - FcovMshMsd (18) [ eke, IS ] 

CMK F I (CM ~ q) S ~ kO cosh (It/2) --CM 

2ks ~ ks ~ q =  

nla 
hMs 

S = I @ - - - -  

Co = cs + CMS is the  to ta l  concent ra t ion  of the  carr ier  in the  aqueous solution. If 
the exchange of S and MS ~ across the  interface is slow (k~ ~'~ ~ k ~  = o) we get  

c M K  sinh (u/2) 
./ ~ FcoT.~Isd ( I~ 

c x t K .  I I (CMKh D ) 
~1s ~ ks + cosh (</2) 

DISCUSSION OF THE CURRENT-VOLTAGE CHARACTERISTIC 

(a) O h m i c  c o n d u c t a n c e  

The membrane  conductance  in the  l imit  of small  vol tages is defined b y  

,~o = -  ( ) 7  ~, ~ o ( 2 o )  

In t roduc ing  the approx ima t ions  sinh (u/2) ~ u / 2 ,  cosh (u/2) ~ I, coth (u/2) -~ 2/u 
which are val id  for lu] ~ i into Eqn.  (I9) we obta in  

cMl£ 

(CMA" @ I )  (CM/X" ~ b) 

o F~coTsksd 
a 

212T 

I t  is in teres t ing  to note tha t  Eqn.  21 has the same general  form as the  conductance  
equat ion der ived by MARKIN et al. 15 on the basis of the  electrodiffusion model. The  
o n l y  difference between the two equat ions  consists in the  meaning of the  concentra-  
t ion independen t  pa r ame te r s  a and  b. I t  is easily seen from Eqn. 2I t ha t  the  conduc- 
t i v i t y  becomes zero in the l imit  of low and high ion concentra t ion CM. The m a x i m u m  
of 2o is reached at  

cM . . . . .  = x / b / K  (22) 

and  is equal  to 
a 

~'0 . . . . .  ( I  @ V ' b )  2 ( 2 3 )  
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The conductivity maximum occurs because at high cM the number of free carrier 
molecules in the membrane is low, so that the back transport of free carrier is 
blocked. It  may be expected, however, that in many cases CM,ma~ is outside the experi- 
mentally accessible concentration range. 

(b) Limiting current 
If the voltage becomes large compared with R T / F  _~ 25 mV (u >~ I), the ap- 

proximations sinh (u/2) ~ I, cosh (u/2) >~ I may be introduced into Eqn. 19. In 
this case the current becomes independent of voltage. This limiting current is given by 

CMK 
J *  - - -  FcoTsksd (24) 

(c~tK + I ) (CMK + 2ysks/7.~IskD) 

so that Eqn. (19) may be written as 

J j ,  (c.~iK -- 27SkS/VMskD ) sinh (u/2) 
(7sks/yMsk.~is) 2- (cMK + 27sks/7.~iskD ) cosh (u/2) 

(25) 

Whether a limiting current occurs in the experimentally accessible range of u depends 
on the relative magnitude of the two terms in the denominator of Eqn. 25. When 
no limiting current is observed for, e.g. u ~ IO (U ~< 25o mV), we may infer that 

7sks/TMskMs ~ cMK + 27sks/TMskD (26) 

and, a forteriori, 

ysks/yMskMs >~ 27sks/y.~tskD or kD >~ kMS (27) 

From the absence of a limiting current we may therefore conclude that the slowest 
step in the ion transport is the migration of the complex across the interior of the 
membrane. 

In the same way, we may deduce from Eqn. 26 the inequality 

7sks/TMskMs >~ CMK 

which is equivalent to 

NMS ks 
- -  ( 2 8 )  CMKh N T  "~ kMs 

As ks/kMs is of the order of unity in most cases, this inequality signifies that the 
carrier is far from saturation. 

TRACER PERMEABILITY COEFFICIENT 

To calculate the tracer permeability coefficient, we assume that part of the 

cations M + in the left-hand solution are replaced by tracer ions l~I+. q0Ms is then the 

total flux of the complex (MS + plus I~S+), and NMs', NMs',c~t the corresponding total 
concentrations; the quantities q0~s, * ' ~ " NMS , NMs , c~t, C~s refer to the labeled com- 
ponents. We further assume that the rate constants of labeled and unlabeled com- 
ponents are equal. Thus, for zero voltage, the following relations hold: 
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]~MS' k M S "  = A'MS 

~ s  {/}MS - o 

N s ' - -  Ns" Ns 

N.~ls' N v s "  N.~ls 

P. LAUGER, G. STARK 

In the  s t a t i o n a r y  s ta te ,  the  sur face  c o n c e n t r a t i o n s  of MS + are cons tan t .  The re fo re ,  

da'Ms'  , . X'* ' * ma(d , X'* ) 
dl knc.~t~\'s -/el)2 3IS - - ~ M S  @ kMS 2;~'MSCMS - -  'MS' = O (29) 

- * t ,  

(1A' MS k D.\r,ls,, 1 , kmaN,  ,, . . . . . .  (/)MS - -  MS i MS = O (3 O) 
dl 

* . N~' ' Y* " q~ls = I¢~1s(~ ~ls - :  .~]s) (3~) 

(coinpare  E{lns. 6, 13 en 14). The  t r ace r  p e r m e a b i l i t y  coefficient  P is def ined t}y 

qOsls = PcM (3 2) 

E l i m i n a t i o n  of ~*Ms, A M S , '  7" ' *Y'MS" f rom Eqns .  29 31 and  i n t r o d u c t i o n  of q)fis in to  
E q n .  32 gives  t he  fo l lowing re la t ion  for t he  t r a c e r  p e r m e a b i l i t y  coeff icient :  

lna 
d coK kD + kMs 

P /.~]sk_~is . . . .  (33) lll {L 
2 I [ C,xlK /el} 1 2kMS + kMS 

F o r  negl ig ible  e x c h a n g e  of MS ~ across t he  in te r face  ( k ~  ~ o), this  e q u a t i o n  b e c o m e s  

d coK t /.~sk MS 't 
P . . . . .  , - -  (34) 

" I ~ -  cMt£ 1, i 4 Zk.~iS/kD I 

B y  compar i son  wi th  E q n .  21 we m a y  de r ive  t he  fo l lowing re la t ion  be tween  the  t r ace r  

p e r m e a b i l i t y  coefficient  P and  the  ohmic  c o n d u c t i v i t y  20' 

R r  :~o ( 1~,,s <,,k,~ ) 
P . . . . .  1 ( 3 5 )  

F 2 c~] ks kD ~ 2kMs 

Thus ,  a m e a s u r e m e n t  of P in add i t ion  to 2o gives  f u r t he r  i n f o r m a t i o n  on the  r a t e  

c o n s t a n t s  of t i le  sys tem.  

ESTIMATION OF NUMERICAL VALUES 

T h e  diffusion t i m e  of a naolecule wi th  diffusion coefficient  D across the  m e n >  
b rane  is equa l  to d2/2D.  Thus ,  an u p p e r  l imi t  for t i le  r a t e  c o n s t a n t s  ks ~-  2 D s / d  2 and  

\MS ~ 2 D M s / d  2 m a y  be e s t i m a t e d  if the  m e m b r a n e  is cons ide red  as a fluid phase  
of v i s c o s i t y  ~ in which  t i le  m i g r a t i o n  of S and  MS + m a y  be desc r ibed  by  diffusion 
coeff icients  Ds  a n d  DMS respec t ive ly .  T h e n  DMS m a y  be ca l cu la t ed  f rom t h e  E i n s t e i n -  
S tokes  r e l a t ion  

kT 
D~s _ (3 o} 

6~r/rMs 
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(k -= Bo l t zmann  constant ,  rMs = h y d r o d y n a m i c  radius  of the  complex).  If  we regard  
the viscosi ty  of t r iolein at  20 ° as represen ta t ive  for the  membrane  (~--" 1.2 erg. 
cm -a.sec)  and  use r~Is - -  7 -~, we obta in  DMs ~-  3" lO-8 cm2"sec-L or (with 
d == 7 ° . \)  kMs --~ I . I O  5 sec -1. As the  h y d r o d y n a m i c  radi i  of the  complex arid of 
the free carrier  should not  be very  different,  we m a y  regard  

ks  "~ ]?MS ----- I • 105 sec  -1 

as an upper  l imit  also for the  free carrier.  The real values of ks and kMs m a y  be much 
lower due to the  l iquid crysta l l ine  na tu re  of the  membrane .  

COMPARISON \VITH EXPERIMENTS 

SZABO t'l d~l. 6 s tud ied  the  electrochemical  proper t ies  of l ipid b i layer  membranes  
in the  presence of monact in .  The cu r ren t -vo l t age  character is t ic  of the  m e m b r a n e  
in a solut ion of 2.2 • I0  -7 M monac t in  and I • i0  -2 M CsC1 shows no l imit ing current  
up  to at  least  2oo mV. The same is t rue for solutions of KC1, LiC1, NaC1 and RbC1 
ins tead  of CsC1 (R. BENZ AND G. STARK, unpublished).  F rom the foregoing, we mav  
therefore  conclude for the systenl  monac t in  M+: (a) t ha t  the  ra te- l imi t ing  s tep is 
the  migra t ion  of the  complex across the  membrane  (kD ~ kMs, Eqn.  27) and (b) 
t ha t  the  complex format ion in the  membrane  is small  up to at  least  CM - -  I" IO 2 M 
(CM/~ h ~ I ,  Eqn.  28). 

In  addi t ion,  SZABO el al3 found tha t  the ohmic conduc t iv i ty  is a l inear function 
of the  ion concent ra t ion  in the  iange  i .  io  a M <~ cM G i .  i o  a M, if t hey  kep t  the  
to ta l  ionic s t rength  constant .  W i t h  this  exper imenta l  finding it follows from Eqn.  2 i 
t ha t  

(i) CMK ,~ I 

(ii) c.~lK ~ b 7sks (I 2kMs' 1 

yMSkMS\ ~ ~ - - ~  r 

(i) means  t ha t  complex format ion  in the aqueous phase is negligible up  to cM 
I . I O  1 M. W i t h  ks ~ -kMs  and k D ~  kMs (see above),  (ii) reduces to cMKh ~ i,  
a resul t  which has a l r eady  been deduced  from the cu r r en t -vo l t age  character is t ic .  
In  the  range I - IO  4 M ~< CM < I - I O  1 M the ohmic conduc t iv i ty  is then given b y  

a F2cocMksd 
,:to ~ b cMK ~ 2 R T  7 M s K  (37) 

This resul t  is in agreement  with the  observat ion  b y  SZABO et al. 6 and EISENMAN et al. "a° 
t ha t  for two different alkali  ions i and  j the ra t io  of the  ohmic conduct iv i t ies  is a pp rox -  
ima te ly  equal  to the ra t io  of the  " b u l k  ex t rac t ion  cons tan t s"  (for fixed Co and cM), 
i.e. t ha t  

-i i - 
J'0 ~dMS]~ i 
z~ J 

YMsKj 

The app rox ima t ion  (37) corresponds to the relat ion for the membrane  conductance  
used by  CIANI et al. (Eqn. 59 of ref. I3), if the  mobi l i ty  u* of ref. z 3 is rep laced  by  
ksd2/2RT ~ Ds /RT.  
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CONCLUSION 

The preceding analysis shows that some information on the kinetics of carrier- 
mediated ion transport may be obtained from stationary conductance experiments. 
For instance, the nature of the rate-determining step may be elucidated from the 
shape of the current--voltage characteristic under favorable conditions. However, 
measurements of the membrane conductance and of the tracer permeability are 
not sufficient to determine the values of the individual rate constants kR, kD, kMs, ks. 
For a more detailed insight into the kinetics of carrier transport relaxation methods 
are necessary. 
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